A theoretical investigation is carried out into the impact of incoherent pumping fields and quantum interference induced by incoherent pumping fields on the Kerr nonlinearity in a three-level asymmetric semiconductor quantum well system. It is found that Kerr nonlinearity is so sensitive to the rate of incoherent pumping fields, but insensitive to the quantum interference induced by incoherent pumping fields. In addition, it is demonstrated that an enhanced Kerr nonlinearity with reduced absorption can be achieved just via the strength of Fano-type interference and without applying any coherent laser field. The obtained results are very different from the conventional schemes which coherent coupling fields are used to control the Kerr nonlinearity. This advantages make our electronic medium much more practical than its atomic counterpart due to its flexible design and the controllable interference strength.
Introduction
Linear and nonlinear response of an atomic system for the external fields can be modified by quantum coherence and quantum interference. In fact, quantum coherence and quantum interference are the basic mechanisms for modifying the linear and nonlinear absorption and dispersion. There are many interesting phenomena in quantum optics and atomic physics, induced by quantum coherence and quantum interference. Examples include electromagnetically induced transparency (EIT) [1, 2, 3] ], coherent population trapping (CPT) [4] , cancelation of spontaneous emission [5] , superluminal and subluminal light propagation [6, 7] , lasing without inversion [8, 9] , and so on. The effect of electromagnetically induced transparency (EIT) has led to many interesting nonlinear optical phenomena. Two interesting nonlinear optical phenomenon, which has been studied in the recent years in the atomic media are Kerr nonlinearity [10, 11, 12, 13] and optical bistability [14, 15, 16, 17] . It is shown that a large Kerr nonlinearity with reduced probe absorption causes the nonlinear optics to be studied at low light power [18, 19] . In fact, it is desirable to have large third-order susceptibilities under conditions of low light power and high sensitivities, since it can be used for realization of single-photon nonlinear devices. This requires that the linear susceptibilities should be as small as possible for all pump and absorption loss. Giant Kerr nonlinearity may lead to many important applications in nonlinear phenomena, for example; multiple usages of giant Kerr nonlinearity in quantum information process (QIP) enable us to detect and resolve individual optical number states, such as quantum bit regeneration [20] , long-distance quantum teleportation [21] , Bell-state measurements [22] , optical Fock state synthesis [23] and so on. Optical bistability, on the other hand, in multi-level atoms confined in an optical ring cavity has recently been developed due to its potential application in all optical switching and optical transistors which are necessary for quantum computing and quantum communications [24] . Several methods were described to achieve large Kerr nonlinearity with reduced absorption as well as controllable OB and OM in an EIT medium [25, 26, 27, 28] . As an important proposal, Harris and Yamamoto [29] described the creation of an absorptive optical switch in a four-level atomic system due to quantum interference. Experimental realization of such photon switching by quantum interference in a four-level atomic system was described by Yan etal. [30] . In Ref. [31] the effect of laser intensity and quantum interference induced by spontaneous emission on optical bistability, optical multi-stability as well as Kerr nonlinearity of a four-level Y-type atomic system was discussed. It is found that an enhanced Kerr nonlinearity accompanied with reduced absorption can be achieved. As a result, the controlling parameters can efficiently decrease the linear and nonlinear absorption of the probe field. This may enhance the Kerr nonlinearity of the medium, which makes it easier for the cavity to reach saturation. Thus, a significant decrease of the multi-stable threshold can be achieved. Besides atomic systems, Optical bistability (OB) and Optical multi-stability (OM) as well as Kerr nonlinearity have been studied in other kinds of systems, such as semiconductor structures [19, 32, 33, 34] . One of the most interesting solid state medium is semiconductor quantum well (SQW). The reason for this is that achieving large nonlinearities in SQWs have many important applications in solid-state quantum information science and optoelectronics. Quantum wells have more capability to provide high nonlinear optical coefficient and large electric-dipole moments. Recently, we (with collaborators) investigate an enhanced Kerr nonlinearity in a four subbund tunnel-coupled double quantum wells [19] . It is found that the energy splitting of the two upper levels and intensity of coupling field can enhance the Kerr nonlinearity and reduced the linear and nonlinear absorption. However, in this paper, an asymmetric double quantum wells (QWs) driven coherently by a probe laser field is proposed to achieve a giant Kerr nonlinearity with negligible absorption. The presented scheme is based on the Ref. [34] , but our scheme is much more practical than its counterpart. First, we could achieve an enhanced Kerr nonlinearity via the strength od Fano-type interference, and without applying any coherent control field, which is completely different from what we discussed in our previous work [19] . Second, the incoherent pumping field is used to control the Kerr nonlinearity. Namely, the underlying mechanism is very different from the conventional schemes.
Models and Equation
The semiconductor double QW structure consisting of two quantum wells that are separated by a narrow barrier is shown in Fig. 1 [35, 36] . The |a and |b are the first subband of the shallow well and the second subband of the deep well, respectively, which are resonant (see Fig.  1 ). Due to the strong coherent coupling via the thin barrier, the levels split into a doublet levels |2 and |3 which arise from the mixing of the states |a and |b , under the exactly resonant conditions, |2 = (|a − |b ) / √ 2 and |3 = (|a + |b ) / √ 2. The splitting energy ω s on resonance is given by the coupling strength and can be controlled by adjusting the height and width of the tunnelling barrier with applied bias voltage [35] . A low intensity pulsed laser field ω p (amplitude E p ) is applied to the transitions |1 → |3 and |1 → |2 simultaneously with the respective Rabi frequencies Ω p1 = µ 31 E p /2h and Ω p2 = µ 21 E p /2h, with µ 21 and µ 31 being the intersubband dipole moments of the respective transition. The small signal absorption of the weak-probe field propagating through such a system can be computed in the steady state.
In the interaction representation and under the rotating-wave approximations, the semi-classical Hamiltonian describing the interaction for the system under study is given by (h = 1)
(1) Where the probe laser detuning is defined as ∆ p = ω 0 − ω p while the average transition frequency is denoted by ω 0 = (ω 2 + ω 3 /2).
By adopting the standard approach [37, 38, 39] , we can easily obtain the density-matrix equations of motion in electro-dipole and rotating-wave approximations as follows:
Here ω 2 = (E 3 − E 2 )is the energy splitting between the upper levels, given by the coherent coupling strength of the tunnelling. The population decay rates and dephasing decay rates are added phenomenologically in the above equations [40] . The population decay rates for subband |i denoted by γ i , are due primarily to longitudinal optical (LO) phonon emission events at low temperature. The total decay rates γ i j (i)are given by
where γ d ph i j determined by electron-electron, interface roughness, and phonon scattering processes, is the dephasing decay rate of the quantum coherence of the |i → | j transition. The parameter η = √ γ 2 γ 3 represents cross coupling between the states |2 and |3 via the longitudinal optical (LO) phonon decay, it describes the process in which a phonon is emitted by subband |2 and is recaptured by subband |3 . These mutual coupling terms can be obtained if tunnelling is present, e.g., through an additional barrier next to the deeper well. As mentioned above, levels |2 and|3 are both the superpositions of the resonant states |a and |b . Because the subband |b is strongly coupled to a continuum via a thin barrier, the decay from state |b to the continuum inevitably results in these two dependent decay pathways: from the excited doublet to the common continuum. That is to say, the two decay pathways are related: the decay from one of the excited doublets can strongly affect the neighbouring transition, resulting in the interference characterized by those mutual coupling terms. The probe absorption can be controlled due to the Fano interference between the two decay paths. Such interference is similar to the decay − induced coherence in atomic systems with two closely lying energy states and occurs due to quantum interference in the electronic continuum [35] .
The intensity of the Fano interference [35, 41] , defined by p = η/ √ γ 2 γ 3 , and the values p = 0 and p = 1 correspond to no interference (there is no negligible coupling between levels |2 and|3 ). This means that Fano interference does not generate) and perfect interference (no dephasing decay rates γ d ph i j = 0), respectively. It is worth noting that the above described parameter p is mainly controlled via the population decay rates γ i (γ 1 , γ 2 ) and dephasing decay rates γ
, and it appears when the cross coupling term is present (η = 0), but disappears when the cross coupling term is absent (η = 0). In order to study the effect of the quantum interference induced by incoherent pumping fields on the quantum well system, two broadband polarized fields r 1 and r 2 (r 1 = r 2 = r)(can be provided by the diode laser that had a broad variable linewidth) that serve as the incoherent pumping fields and apply to the transitions|1 → |2 and |1 → |3 , respectively (see Figs. 1(c) and 1(d)).
Thus, the Eq. 2 becomes as:
The incoherent fields are added accordingly to the method described in Refs. [42, 43, 44, 45, 46] . The quantum interference induced by incoherent pumping fields is described by a parameterή = √ r 1 r 2 , which is Due to the strong coherent coupling via the thin barrier, the levels split into a doublet |2 and |3 , which are coupled to a continuum by a thin tunnelling barrier adjacent to the deep well. ω s denotes the splitting between the two upper levels (given by the coherent coupling strength) and ω p is the weak probe laser.
added following the Ref. [44] . In fact, if the polarizations of the two incoherent fields ε 1 and ε 2 properly be arranged in such a way that ε 1 .µ 21 = ε 2 .µ 31 = 0, thus one field acts on only one transition so thatή = 0 which means there is no interference due to incoherent pump fields. However, when ε 1 .µ 21 = 0 and ε 2 .µ 31 = 0 , one polarized broadband field can couple with more than one transition, and thusή = 0. The incoherent pumping fields have been studied experimentally [42] and theoretically [43, 44, 45, 46, 52] in quantum coherent media, such as atomic medias [42, 44] , YAG crystal [45] and left-handedness materials [46] . It is worth noting that the SQW sample used in this paper is very much similar to the one reported in reference [35] thus, we can keep the same parametric conditions here, and the three-level system of electronic subbands can be grown on the substrate. Thus, the experimental feasibility of the scheme is evident. In order to drive the linear and nonlinear susceptibility, we need to obtain the steady state solution of the density matrix equations. The density matrix elements can be expressed as
... Using the fact that the probe field is much weaker than the coupling field, the zeroth order solution will be ρ 0 11 = 1 and the other elements are equal to zero. The linear [47] and nonlinear [48] susceptibility are given by: Substituting coherence terms ρ 21 and ρ 31 into Eq. (2) and (3) and assuming µ 21 = µ 12 = µ , the linear and nonlinear susceptibility are obtained as:
and
where
In this expressions we set Ω p1 = Ω p2 = Ω p , where Ω p is to be real.
For further discussion in linear optical properties of the medium, we introduce the group index n g = c v g , where c is the speed of light in vacuum and the group velocity is given by [49, 50, 51] :
where ν g is the frequency of the probe field .The linear dispersion and absorption are proportional to real and imaginary part of χ (1) , while the real and imaginary part of χ (3) determine the nonlinear dispersion i.e. Kerr nonlinearity and the nonlinear absorption.
Results and discussion
Now, we intend to study the linear and nonlinear behavior of the three level semiconductor double QW structure. In the following numerical calculations, we assume that all subbands have the same effective mass and the electron-electron effects have very small influence on our results. Note that, in the following numerical calculations the choices of the parameters are based on experimental results from reference [35] . We will show that the electronic structure can be used as an optical medium to achieve a large Kerr nonlinearity with negligible probe absorption. This may be important for achieving large nonlinearities under low power conditions. Firstly, we are interested in the effect of the strength of Fano interference on linear and nonlinear susceptibility. The linear and nonlinear susceptibility of weak probe field is shown in Fig. 2 (a, b) . it can be seen that for ω s = 17.6meV and when p = 0.46 , a weak Kerr nonlinearity is accompanied by strong linear and nonlinear absorption around zero probe field detuning. This situation is not desirable for application of low intensity nonlinear optics due to the thermal effects of devices. In order to eliminate the thermal effects, we propose conditions to reach an enhanced Kerr nonlinearity with reduced absorption in the medium just under the condition of slow light levels. Figs. 2 (c, d) and Fig. 2 (e, f) show that by increasing the strength of Fano interference to p = 0.63 and even to p = 0.77 , the linear and nonlinear absorption decrease with respect to Fig. 2 (a, b) , and the Kerr nonlinearity enhances around ∆ p = 0. Obviously, the more increasing the p parameter, the more enhancement of the maximal Kerr nonlinearity, and simultaneousely, the more reduction of probe absorption around zero probe detuning. This may suggests a giant Kerr nonlinearity with reduced absorption only by the quality of Fano interference. Note that the slope of linear dispersion is positive in Fig. 2 which corresponds to subluminal light propagation.
Investigation on
Physically, the quantum interference parameter η remains fixed when choosing γ 2 = 5.6meV and γ 3 = 7meV , but the varying dephasing rates γ d ph i j influence the strength of the Fano interference p. This can affects the linear and nonlinear susceptibilities. In order to gain deeper insight into the above problem, we refer the readers to Ref. [34] , when the authors investigated the optical bi(multi)stable behavior of such electronic medium. Li et al. observed the reduction of the bistable threshold as they go from p = 0.46 to p = 0.77 . They pointed out that the OB comes essentially from the Kerr nonlinearity. From a physical point of view, when increasing the p parameter, the probe absorption can be reduced and at the same time, the Kerr nonlinearity of the medium enhances, which makes the cavity field easier to reach saturation. This may be useful to control the threshold value and the hysteresis cycle width of bistable curve. Thus, we show that our results are in a good agreement with results presented by Li et al. Now, we study the effect of energy splitting of the two excited states which is given by the coupling strength of the tunnelling on nonlinear susceptibility. In the following results we suppose p = 0.77 and plot the nonlinear dispersion (Kerr nonlinearity) as well as linear and nonlinear absorption for various values of ω s in Fig. 3 . We observe that by proper tuning of energy splitting , i.e. increasing it from ω s = 18meV to ω s = 25meV , the maximal Kerr nonlinearity goes up (Fig. 3(a) ) and at the same time the linear and nonlinear absorption decrease (Fig. 3 (b, c) ). The reason can be explained as follows. By applying an increasingly intense tunnelling through a thin barrier, the absorption for the probe field on the intersubband transitions |1 → |3 and |1 → |2 of the electronic medium can be reduced dramatically. This might be useful to tunable control over Kerr nonlinearity as well as linear and nonlinear absorption simply by adjusting the splitting. As mentioned above, the splitting on resonance is given by the coupling strength and can be controlled by adjusting the height and width of the tunnelling barrier. Therefore, the Kerr nonlinearity behavior can be tuned by appropriately adjusting the tunnelling barrier. Now, we will analyze how the incoherent pumping field affect on the probe field absorption, dispersion, and group index in Fig. 4 . In the absence of quantum interference, i.e.ή = 0 and for given parameters, the slope of linear dispersion is definitely positive that is accompanied by an EIT dip (see Fig. 4( a) ). Investigation on Fig. 4(c) shows that when the rates of incoherent pump field changes from 1 = 1meV to 1 = 9meV , the slope of linear dispersion switchs from positive to negative that is accompanied by an absorption. We note that for a weak incoherent pumping rate 1 = 1meV the results shows that the subluminal light propagation occurs (Fig. 4(b) ), while for strong incoherent pumping rates (1 = 9meV ) the light propagation becomes superluminal (Fig. 4(d) ). Physically, the coherence between levels |2 and |3 will be destroyed by the strong incoherent pumping from lower level |1 to upper levels |2 and |3 . consequently, population in both upper levels cannot be trapped leading to enhancement of probe absorption.
To show the influence of the rate of incoherent pump r on nonlinear behavior of the QW structure we give the plots of the real and imaginary parts of nonlinear susceptibility i. Fano interference p in Fig. 5 . It is obvious from Fig. 5 (a) and Fig. 5(b) that increasing the rate of incoherent pump r leads to a significant decrease of the kerr nonlinearity and nonlinear absorption. In addition, it can be seen that the dependence of the nonlinear dispersion and absorption on the strength of the Fano interference p becomes very small for r ≥ 10meV . According to this discussion, it can be realized that the incoherent pumping fields play a critical role to manipulate the Kerr nonlinearity behavior of the medium, as well as nonlinear absorption spectra. Thus, it can be used to reduce the effect of the strength of Fano interference p on the Kerr nonlinearity. It is a key point that when the rate of incoherent pump reaches to a reasonable value, the effect of strength of Fano interference p on Kerr nonlinearity of the electronic medium can be ignored, which suggests that we do not need to consider the effects of dephasing decay rates γ d ph i j on nonlinear optical response of the medium. We can also ignore the processes such as electron-electron, interface roughness, and photon scattering process, because of their dependence on dephasing decay rates γ
, which make our scheme much more convenient in experimental realization. Note that these results can not be seen when the incoherent pumping fields are not considered. Finally, we are interested in the the effect of the quantum interference arising from incoherent pumping fieldsή on Kerr nonlinearity behavior of the QW structure. The Kerr nonlinearity as a function of probe field detuning is displayed in Fig. 6(a) . It is obvious that the Kerr nonlinearity is approximately insensitive to the quantum interference induced by incoherent pumping fieldsή . We also display the linear and nonlinear absorption spectra in Figs. 6(b) and 6(c). It is shown that both the linear and nonlinear absorption of the electronic medium change weakly with the increasing quantum interference induced by incoherent pumping fieldsή which are verified by the above analysis. A reasonable explanation for this is that the quantum interferenceή cannot suppress the absorption and thus, influence the nonlinearity of the electronic medium.
Conclusions
We have theoretically investigated the linear and nonlinear optical properties of a three subband asymmetric semiconductor quantum well system driven by a probe field. Some of the important results have been demonstrated in following. -An enhanced Kerr nonlinearity with reduced absorption can be achieved just via the strength of Fano type interference under the condition of slow light levels. -Superluminal light propagation can be switched to subluminal light propagation only by the rate of an incoherent pump field. -It is shown that the incoherent pumping fields play an important role to manipulate the Kerr nonlinearity behavior of the medium, so that it can be used to reduce the effect of the strength of Fano interference on the refractive part of third order susceptibility. -Kerr nonlinearity is insensitive to the quantum interference c 2013 NSP Natural Sciences Publishing Cor.
induced by incoherent pumping fields. It is worth noting that we could achieve the giant Kerr nonlinearity under the condition of slow light levels in the absence of any external coherent driving fields. In other words, this way is different from the conventional way in ordinary laser-driven schemes that coherent driving fields are necessary to enhance the Kerr nonlinearity. As a result, it may provide some new possibilities for technological applications in optoelectronics and solid-state quantum information science.
